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Plan of the talk.

@ Introduction to the physics of gases.
@ The Kac model and gas kinetic.

@ Classical results on the Kac model.
@ Local Perturbation.
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A little theatre ...

1000 particles initially confined in a quarter of the container and with independent
velocity uniformly distributed in [—1, 1].

Left panel: particle position. Right panel: histogram of the x-velocity (time smoothé@r%
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... and more theatre.

Exactly as before but the particles do not collide.

Left panel: particle position. Right panel: histogram of the x-velocity (time smoothgg%
&
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A little history: Fourier.

Heat, like gravity, penetrates every substance of the universe, its ray occupy
all parts of space. The object of our work is to set forth the mathematical laws
which this element obeys. The theory of heat will hereafter form one of the
most important branches of general physics.

— Théorie analytique de la chaleur, 1822
— Jean Baptiste Joseph Fourier
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A little history: Fourier.

Heat, like gravity, penetrates every substance of the universe, its ray occupy
all parts of space. The object of our work is to set forth the mathematical laws
which this element obeys. The theory of heat will hereafter form one of the
most important branches of general physics.

— Théorie analytique de la chaleur, 1822
— Jean Baptiste Joseph Fourier

But whatever may be the range of mechanical theories, they do not apply to the
effects of heat. These make up a special order of phenomena, which cannot
be explained by the principles of motion and equilibria.

— Ibidem
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To get anidea ...

Here are some physical quantities for oxygen at ambient condition

@ temperature T = 273K
@ pressure P = 1013mbar
@ number density § = N/V = 2.7 x 10®molecules/m°

kinetic radius r = 1.73 x 107 "°m

molecule average speed v = 1.58 x 10°m/s

mean free path d = 1.0 x 10~"m

mean free time A = 0.6 x 105
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Macroscopic vs microscopic

Consider our cubic meter of oxygen. How can we describe it when it is not in
equilibrium? E.g. when it is stirred around by a paddle or heated from one of his walls.
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Macroscopic vs microscopic

Consider our cubic meter of oxygen. How can we describe it when it is not in
equilibrium? E.g. when it is stirred around by a paddle or heated from one of his walls.

In such a case, we normally use macroscopic equations like the Heat Equation,
Navier-Stokes Equation, etc. They describe the evolution of quantities like the local
temperature T(x), density §(x), velocity u(x), entropy s(x), and more.
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Macroscopic vs microscopic

Consider our cubic meter of oxygen. How can we describe it when it is not in
equilibrium? E.g. when it is stirred around by a paddle or heated from one of his walls.

In such a case, we normally use macroscopic equations like the Heat Equation,
Navier-Stokes Equation, etc. They describe the evolution of quantities like the local
temperature T(x), density §(x), velocity u(x), entropy s(x), and more.

We can consider our cube has made up of a large number of small cubes, say 10'?
cubes of side 1 = 10~*m. Each of such cubes will contain in average 10'® particles.
Thus from the macroscopic point of view each of these cubes is a point and its position
is the x appearing in the macroscopic equations. From the microscopic point of view it
is an infinite system endowed of temperature, entropy. etc.
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Macroscopic vs microscopic

Consider our cubic meter of oxygen. How can we describe it when it is not in
equilibrium? E.g. when it is stirred around by a paddle or heated from one of his walls.

In such a case, we normally use macroscopic equations like the Heat Equation,
Navier-Stokes Equation, etc. They describe the evolution of quantities like the local
temperature T(x), density §(x), velocity u(x), entropy s(x), and more.

We can consider our cube has made up of a large number of small cubes, say 10'?
cubes of side 1 = 10~*m. Each of such cubes will contain in average 10'® particles.
Thus from the macroscopic point of view each of these cubes is a point and its position
is the x appearing in the macroscopic equations. From the microscopic point of view it
is an infinite system endowed of temperature, entropy. etc.

This image is called local equilibrium and is sometime expressed saying that a
macroscopic system can be thought as composed by infinitely many volume elements
that are macroscopically infinitesimal and microscopically infinite.
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Local equilibrium with 25 volume elements.
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Some more history: de Groot and Mazur.

It will now be assumed that, although the total system is not in equilibrium,
there exists within small mass elements a state of “local” equilibrium for which
the local entropy s is the same function of u, v and cx as in real equilibrium.

— Non-Equilibrium Thermodynamics, 1962
— Sybren Ruurds de Groot and Peter Mazur
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Some more history: de Groot and Mazur.

It will now be assumed that, although the total system is not in equilibrium,
there exists within small mass elements a state of “local” equilibrium for which
the local entropy s is the same function of u, v and cx as in real equilibrium.

— Non-Equilibrium Thermodynamics, 1962
— Sybren Ruurds de Groot and Peter Mazur

The hypothesis of “local” equilibrium can, from a macroscopic point of view,
only be justified by virtue of the validity of the conclusions derived from it.

— Ibidem
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Work in collaboration with:

@ Michael Loss: School of Math., GaTech
@ Ranijini Vaidyanathan: Former graduate student, School of Math., GaTech

@ Hagop Tossounian: Former graduate student, School of Math., GaTech. Now in
Santiago, Chile.

@ Alissa Geisinger: Graduate student, Universitat Tubingen
@ Tobias Ried: Graduate student, Karlsruhe Institute of Technology

¥
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@ Ranijini Vaidyanathan: Former graduate student, School of Math., GaTech

@ Hagop Tossounian: Former graduate student, School of Math., GaTech. Now in
Santiago, Chile.

@ Alissa Geisinger: Graduate student, Universitat Tubingen
@ Tobias Ried: Graduate student, Karlsruhe Institute of Technology

Publications:

@ F. B., M. Loss, R. Vaidyanathan, The Kac Model Coupled to a Thermostat, JSP
156:847-667 (2014).

@ H. Tossounian, R. Vaidyanathan:Partially Thermostated Kac Model, JMP 56
(2015).

@ F. B, M. Loss, H. Tossounian, R. Vaidyanathan, Uniform Approximation of a
Maxwellian Thermostat by Finite Reservoirs, CMP 351 (2017).

@ H. Tossounian, Equilibration in the Kac Model using the GTW Metric d>, JSP 169
(2017).

@ F. B., A. Geisiger, M. Loss, T. Ried, Entropy Decay for the Kac Evolution, CMP 3%

(2019) Gz
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A very simplified model of a gas at temperature T = 3~ has the following ingredients:

@ a very large number M of particles in a container of volume V;
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A very simplified model of a gas at temperature T = 3~ has the following ingredients:

@ a very large number M of particles in a container of volume V;

@ particles are hard spheres of small radius r;
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A very simplified model of a gas at temperature T = 3~ has the following ingredients:

@ a very large number M of particles in a container of volume V;
@ particles are hard spheres of small radius r;

@ collisions are elastic;
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The number of collision v a particle suffers in a time t is:
v=mnd*vt MV

center location
of target molecule

2
e Asmdugey —
Q Volume = 7zdt O
M Molecular : : i
size I vt |

n, = molecules per unit volume
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The number of collision v a particle suffers in a time t is:
v=mnd*vt MV

center location
of target molecule

2
e Asmdugey —
Q Volume = 7zdt O
M Molecular : : i
size I v |

vt !
n,, = molecules per unit volume

Since
3kgT
m

it is reasonable define the Grad-Boltzman limit as

vV~

3ksT

r—-0 , M—oo suchthat =r? p M/V -\
where ) is the mean free time.
@@%
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The number of collision v a particle suffers in a time t is:
v=mnd*vt MV

center location
of target molecule

A=rd gy P
Q @ . ..Volum'e= :zd2|7t- O)
Molecular :

size I vt |

n, = molecules per unit volume

Since

3kgT
m

it is reasonable define the Grad-Boltzman limit as

vV~

r—-0 , M—oo suchthat =r? 3/jf'TM/V -
where )\ is the mean free time.
A is the natural time scale for the system. Fix unit of time such that A = 1. @@;%
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The Kac model (1956).

We have M particles in 1, 2 or 3 dimensions that are initially uniformly distributed in
space.

¥
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The Kac model (1956).

We have M particles in 1, 2 or 3 dimensions that are initially uniformly distributed in
space.

In every time interval df there is a probability \ydt that a collision take place.
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The Kac model (1956).

We have M particles in 1, 2 or 3 dimensions that are initially uniformly distributed in
space.

In every time interval df there is a probability \ydt that a collision take place.

When a collision take place two particles are randomly and uniformly selected,
independently of their position.
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The Kac model (1956).

We have M particles in 1, 2 or 3 dimensions that are initially uniformly distributed in
space.

In every time interval df there is a probability \ydt that a collision take place.

When a collision take place two particles are randomly and uniformly selected,
independently of their position.

The incoming velocities of the two particles are randomly updated in such a way to
preserve energy and, in dimension 2 or 3, momentum.
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The Kac model (1956).

We have M particles in 1, 2 or 3 dimensions that are initially uniformly distributed in
space.

In every time interval df there is a probability \ydt that a collision take place.

When a collision take place two particles are randomly and uniformly selected,
independently of their position.

The incoming velocities of the two particles are randomly updated in such a way to
preserve energy and, in dimension 2 or 3, momentum.

Am is fixed in such a way that the average time between two collision of a given particle
is independent of M. Thatis Ay =1/(M —1).

F. Bonetto bonetto@math.gatech.edu The Kac model and (Non-)Equilibrium Statistical Mechanics.



Kac vs real gas dynamics

The main simplifications we have introduced are:

@ Collisions times are stochastic and independent from the position and velocity of
the particles.
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Kac vs real gas dynamics

The main simplifications we have introduced are:

@ Collisions times are stochastic and independent from the position and velocity of
the particles.

@ Energy and momentum are redistributed randomly.
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Kac vs real gas dynamics

The main simplifications we have introduced are:

@ Collisions times are stochastic and independent from the position and velocity of
the particles.

@ Energy and momentum are redistributed randomly.

@ the collision rate between two particles does not depend on their velocities. This
are often called “Maxwellian Molecules”.
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The evolution.

State of the system
F(V):R" - R V=w,v,...,w) €R",

probability of finding the system with velocities V.
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The evolution.

State of the system
F(V):R¥ 5 R V=w,v,...,w) €R",
probability of finding the system with velocities V.

If F is the state of the system before particle i and j collide, just after the collision the
state is

R F(V) = / p(0)F(r/(0)V)dO

where
r1.2(0)V = (vi cos(8) — vz sin(6), vy sin(0) + vz cos(h), va, . . .)

that is, r; j(¢) is a rotation of angle ¢ in the i, j plane.
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The evolution.

State of the system
F(V):R¥ 5 R V=w,v,...,w) €R",
probability of finding the system with velocities V.

If F is the state of the system before particle i and j collide, just after the collision the
state is

R F(V) = / p(0)F(r/(0)V)dO

where
r1.2(0)V = (vi cos(8) — vz sin(6), vy sin(0) + vz cos(h), va, . . .)

that is, r; j(¢) is a rotation of angle ¢ in the i, j plane.

We need
/p(@) sinfcosfdf =0 .

but for most of the talk we will assume

p(0) = o
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The evolution.

The effect of a collision of a randomly picked pair of particles is

oF = 1 > RijF

() =
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The evolution.

The effect of a collision of a randomly picked pair of particles is

oF = 1 > RijF

M
(2) 5
while the probability of having k collision in a time t is

K
Le—Mt
k!
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The evolution.

The effect of a collision of a randomly picked pair of particles is

1
QF = o5 > RiiF

(2) 5
while the probability of having k collision in a time t is

K
Le—Mt
k!

so that the evolution is givel by
F. ;7Mt tk Qk F ELstF
¢ Z k| 0 0

k=0

where 5
Ls=MQ-1)= V=1 > (R —1).

i<j %
Gir®
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Master Equation.

Thus F; satisfies the equation:
Fi = LsFi = M(QF — F)

where QF is usually called the gainterm and F is the loss term.
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Master Equation.

Thus F; satisfies the equation:
Fi = LsFi = M(QF — F)
where QF is usually called the gainterm and F is the loss term.

The evolution generated by this equation preserves the total kinetic energy. Thus every
rotationally invariant distribution is a steady state.
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Master Equation.

Thus F; satisfies the equation:
Fi = LsFi = M(QF — F)
where QF is usually called the gainterm and F is the loss term.

The evolution generated by this equation preserves the total kinetic energy. Thus every
rotationally invariant distribution is a steady state.

Given an initial distribution F(V), the evolution brings it toward its projection on the
rotationally invariant distributions, that is toward

FatV) = [, F(VIw)do(w)

where do(w) the normalized volume measure on the unit sphere S¥~.
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Convergence to equilibrium.

Carlen-Carvalho-Loss (2000) showed that
1)
He’LSF(V) - FH(V)H2 < ce

where || - ||2 is the L2(RM) norm and
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Convergence to equilibrium.

Carlen-Carvalho-Loss (2000) showed that
1)
]@%Hw—ﬁw%SCeL'

where || - ||2 is the L2(RM) norm and

The L2 norm has one major problem. Assume that

M M
F)=TTfw) and  Gv) =[[g(w)

then
|F—Glla~C"|h—g| with C>1.
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Convergence to equilibrium in entropy.

The entropy with respect to the steady state is defined as

S(F|Fr) = /F( V) log (;&‘%) av
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Convergence to equilibrium in entropy.

The entropy with respect to the steady state is defined as

S(F|Fr) = /F( V) log (;&‘%) av

In general
and _
S(Ft|Fr) <0
and
M
F(V)=]]*fw) = S(F|Fr) = O(M).
i=1
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Cercignani Conjecture

For the realistic kinetic evolution Cercignani conjectured

S(Ft|FH) < eiCtS(Fo‘FH).
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Cercignani Conjecture

For the realistic kinetic evolution Cercignani conjectured

S(Ft|FH) < eiCtS(Fo‘FH).

For the Kac model .
o S(FIFR) 1
* S(FIFa) = M

Y
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Cercignani Conjecture

For the realistic kinetic evolution Cercignani conjectured

S(Ft|FH) < eiCtS(Fo‘FH).

For the Kac model .
o S(FIFR) 1
* S(FIFa) = M

Y

but for every § there exists Cs and Fs such that

_S(Fg\FR)< Cs
S(Fs|Fr) = M'=¢"

Villani (2003), Einav (2011)
Mischler and Muhot obtained polynomial decay unifrom in N.
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The GTW metric.

Given two probability distributions F(V) and G(V) on RM, symmetric in the V variables
and with 0 average, that is

F(V)dV = 1 /M VF(V)dV =0

RrM

and analogously for G, we can define the GTW distance as follows. Let
E©) = / VO F(V)dV.
RM

that is F(©) is the Fourier transform of F(V). Then we define

F(e) - G(o)|

b(F,G)=s
o(F.G) =2 o
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The GTW metric.

Given two probability distributions F(V) and G(V) on RM, symmetric in the V variables
and with 0 average, that is

F(V)dV = 1 /M VF(V)dV =0

RrM

and analogously for G, we can define the GTW distance as follows. Let
o) = / VO F(V)dV.
RM

that is F(©) is the Fourier transform of F(V). Then we define

F(e) - G(o)|

b(F,G)=s
o(F.G) =2 o

It is easy to see that this is a metric.
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Convergence in the GTW metric.

It is quite easy to see that Ls is not expanding with respect to d» that is

ax(e°S'F, e°5'G) < db(F, G)
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Convergence in the GTW metric.

It is quite easy to see that Ls is not expanding with respect to d» that is

ax(e°S'F, e°5'G) < db(F, G)

With more effort one can prove that (Tossounian, 2016):
oh(6°S'F, Fr) < Ke™ #1'dy(F, Fg)

for some suitable constants c, K.
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Convergence in the GTW metric.

It is quite easy to see that Ls is not expanding with respect to d» that is
d(e“S'F,e°5'G) < db(F, G)
With more effort one can prove that (Tossounian, 2016):
oh(6°S'F, Fr) < Ke™ #1'dy(F, Fg)

for some suitable constants c, K.

On the other hand he can prove that there exists F such that

db(&°S'F, Fr) > (1 - cr’“*‘) & (F, Fa).
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Convergence in the GTW metric.

It is quite easy to see that Ls is not expanding with respect to d» that is

d(e“S'F,e°5'G) < db(F, G)
With more effort one can prove that (Tossounian, 2016):
oh(6°S'F, Fr) < Ke™ #1'dy(F, Fg)

for some suitable constants c, K.

On the other hand he can prove that there exists F such that

db(&°S'F, Fr) > (1 - cr’”*‘) & (F, Fa).

Moreover if

then

&(F,G) = dh(1, 9). %
(€

that is, the GTW metric is extensive.
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Local Perturbation

We want to study the situation in which only a small number M of particles is out of
equilibrium, that is a “local perturbation”.
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Local Perturbation

We want to study the situation in which only a small number M of particles is out of
equilibrium, that is a “local perturbation”.

We write M as N + M with M << N, the state of the system as
F(V,W) VerR" weRr"

and the generator as

£=0-1 Q= Y Ay

1<i<j<N+M
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Local Perturbation

We want to study the situation in which only a small number M of particles is out of
equilibrium, that is a “local perturbation”.

We write M as N + M with M << N, the state of the system as
F(V,W) VerR" weRr"

and the generator as

£=0-1 Q= Y Ay

(N+M)
2 ) 1<i<j<N+M
that is we can write
2 2 2 M N+M
= R+ ——or R+ -—"—r Ri;.
O=grw—7. > PRty 2 Ritgrw—ix 2 A
1<i<j<Mm M+1<i<j<N i=1 j=M-+1
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Finally we choose the initial conditions as
Fo(V, W) = h(V)e ™",

so that
F[(V, W) = eEIFO(V7 W)

¥
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Finally we choose the initial conditions as

Fo(V, W) = h(V)e ™",
so that

F[(V, W) = eEIFO(V7 W)

Thus we look at the evolution of an initial state where M particles are out of equilibrium
while the remaining N are in a canonical equilibrium at temperature T = ﬁ
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Entropy

Since we are mostly interested in the evolution of the M particles in the local “volume
element” we can look at the marginal of F;

LV = [ F(V, W)dw.

RN
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Entropy

Since we are mostly interested in the evolution of the M particles in the local “volume
element” we can look at the marginal of F;

LV = [ F(V, W)dw.

RN

We can define the entropy as

S(hif<) = [ (V)tog (fi((‘/v))) av

where
fx(V) = tlim (V)

and again try to prove that
S(fi|fx) < €% S(f|f).
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Entropy

Since we are mostly interested in the evolution of the M particles in the local “volume
element” we can look at the marginal of F;

LV = [ F(V, W)dw.

RN

We can define the entropy as

S(hif<) = [ (V)tog (fi((‘/v))) av

where
fx(V) = tlim (V)

and again try to prove that
S(fi|fx) < €% S(f|f).

This looks more promising but there are still problems.
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Entropy relative to the Canonical State

It is not hard to see that

s(t-le ) = 0 (m)

S(f) =S (ft’e’”‘v'z) .

thus we decide to look at

that is we look at the entropy relative to the distribution in the Canonical Ensemble.
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Main result

Theorem

Assume that the initial state of the system is of the form

Fo(V, W) = h(V)e ™",

S(fo)—/ f(V)log ( (‘I/V)\Z> dV < oo

with

and define

)‘,(V):/RN Fi(V, W)dW:/RN (e“Fo) (V, W) dw

then if N > M we have

1 N
S(ft) S (m+ NJ’_Me 2N+M 1 >S(fo)

-
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The result is more general. We can write the generator as

A A ul
Q=5 X Ryt Y Rutyd 3 Ay

1<i<j<M M+1<i<j<N i=1 j=M+1

and get

N+M N+M
independently from Ay and An.

S(f,)g{ M n N qu(MM)/N}S(fO)
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The result is more general. We can write the generator as

A Mo
Y. Rityog > %Z:%:

1<i<j<M M+1<i<j<N

and get

M N _ianemy/n
amS{N+M+N+Mez S(f)

independently from Ay and An.

The previous case correspond to

aM—1)

M= N M= N+ M= 1
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Thermostatted Kac System

Taking Am and Ay independent from N and M we can interpret the above system as a
large reservoir with N particles in contact with a small system with M particles.
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Thermostatted Kac System

Taking Am and Ay independent from N and M we can interpret the above system as a
large reservoir with N particles in contact with a small system with M particles.

In this case we can prove that, as N — oo, the combined evolution of system+reservoir
converge uniformly in time to the evolution of a small Kac system with M particles
interacting with a Maxwellian thermostat.
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Thermostatted Kac System

Taking Am and Ay independent from N and M we can interpret the above system as a
large reservoir with N particles in contact with a small system with M particles.

In this case we can prove that, as N — oo, the combined evolution of system+reservoir
converge uniformly in time to the evolution of a small Kac system with M particles
interacting with a Maxwellian thermostat.

We can prove this convergence both in a suitable L2 norm and in the GTW d» metric
but we cannot get it in relative entropy.
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We start expanding the exponential as
_ = (M 4 N)F
R(V,W)=e WW”Zi( i ST o ry v w)

k=0
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We start expanding the exponential as

- o~ (M + N)*¢*
F(V,W)=e WW’Zi( i ST o ry v w)
k=0
we can further expand
K k d91 dek k 1
Q Fo(V, W) =2 Z Z"'ZFO([HJ:WW(@/')] (v, w))
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We start expanding the exponential as

- o~ (M + Nkt
k=0
we can further expand
K k d91 dek k 1
Q Fo(V, W) =2 Z Z"'ZFO([HJ:WW(@/')] (v, w))
Qfyeeny Qg
where
\ = 2

M+ N)Y(M+N—-1)
and a = (/,/) indicates a pair of particles.
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We start expanding the exponential as

- o~ (M + Nkt
k=0
we can further expand
K k d91 dek k 1
Q Fo(V, W) =2 Z Z"'ZFO([HJ:WW(@/')] (v, w))
Qfyeeny Qg
where
\ = 2

M+ N)Y(M+N—-1)
and a = (/,/) indicates a pair of particles.

Thus we write the evolution as an average over all possible “collision histories”.
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Write ,
f(V) = h(V)e ™I
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Write

so that

where

f(V) = h(V)e ™"

Fo(V, W) = (ho P)(V, W)e ™(IVF+IW?)

P RN LR PV, W)=V.

F. Bonetto

bonetto@math.gatech.edu
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Write ,
f(V) = h(V)e ™I

so that , ,
Fo(V, W) = (ho P)(V, W)e IV +IWI)
where
P RN LR PV, W)=V.
We get

do; dox

B G (o PN (0] (V. Wy)e

QFo(V, W) = e IVFN §°
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Integrating over W

doy dbk

/RN OkFO(V, W)dW:efﬂ'\VP)\k Z gg'/\/’kﬂ’@h(w)

Qqyeeny Qg

where a = (a1,...,ak), 8 = (04,...,0) and

Niaoh(V) = [ (ho PYINir )] (V, We ™ aw
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Integrating over W

doy dbk

/RN OkFO(V, W)dW:efﬂ'\VP)\k Z ggNk*Q’Qh(W)

Qqyeeny Qg

where a = (a1,...,ak), 8 = (04,...,0) and

Niaoh(V) = [ (ho PYINir )] (V, We ™ aw

Putting all together and using convexity of the entropy we get

_ > M + N)ktk k dob, o ['%
S() <o~ eSS (M NIt~ [ d0r o
— k! 27 2r

Nicaoh(V)log [Niaoh(V)] e ™V Fdv

RM
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Call

S(h) = /RM h(V) log h(V)e~™V* qv
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Call

S(h) = /RM h(V) log h(V)e~™V* qv

then we need

K k d91 d@k
S(Q°h)=Ax Z oo gs(/\/’k,g,ﬂh) < Ck,mS(h)
Qpyenny agk
where
Ni,a0h(V) =/ (ho PY(INtray (001" (V, wye " aw
RN
and

Cov | M N (1 NiM O\
KM= IN+M T N+M 2N+ M—1
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Resumming

Indeed we find

_ o0 M+ N)ktk d01 dek
<o~ (M+N) (M + N)¥t* o, do,
S(f) <e ; PR 3 LA

/ Nik.a,0h(V) log [Nk .a,eh(V)] eﬂrlv‘zdv
RM

N+M+N+M(1*§m) }S(fo)

—msme~ (M A N)<t-
<e ;) -

N+M

e’é N+M—T } S(f%)

ML N
IN+M N+ M
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Write
—1

Ax(a,0) Bk(a, 0

Ok(a, 9) [Hra,(@] = { CZEQ,Q; Diggﬁ;

Ax(a, 0)Ax(a, 0)" + Bi(c, 0)Bi(c, 0)” = Iu
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Write
—1
Ax(a,0) Bk(a, 0
Ok(a, 9) [Hra,(@] = { CZEQ,Q; Diggﬁ;
Al 0)Ac(,0)" + Bi(e, 0)Bi(a,0) = I

so that
(ho P)([M1ray (001 (V, W)) = h(Ak(c, )V + Bi(a, )W)
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Write
—1
Ax(a,0) Bk(a, 0
Ok(a, 9) [Hra,(@] = { CZEQ,Q; Diggﬁ;
Al 0)Ac(,0)" + Bi(e, 0)Bi(a,0) = I

so that
(ho P)([M1ray (001 (V, W)) = h(Ak(c, )V + Bi(a, )W)

Partially integrating W

Niash(V) = | h(Ac(a,0)V + Bi(a, 0)W)e ™"’ aw

RN

:/ h (Ak(g7 Q) V+ (IM - Ak(Q7 Q)Ak(g, Q)T) e W) e*Tr\W|2dW
RM

Ornstein-Uhlenbeck operator with matrix valued times %
/@T
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Nelson’s hypercontractive estimate

Call
(NMah)(v) = / h(av + (1 — 32)1/2W)e,,,wzdw

where
d=e'<1
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Nelson’s hypercontractive estimate

Call
hav+ (1 — &)"2w)e ™ dw

,\
&
=
=
S
Il
T

where

fF=et<1

Theorem
Assume that h : R — R, has finite entropy, i.e.,

am:@mnmmm€MW<m

then

S(Nah) < @S(h) + (1 — &)|/hll+ log ||l

V.

G
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Matrix valued time.

Write Ac(a, 0) as (SVD):

A(@,8) = Uc(a, 0)Tk(a, 0) Vi(a, )"

where

Tk(a,8) = diag (v1,- -+ ,ym) , 0 <y <1
and Uk(a, 0), Vi(a, 8) are unitary.
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Matrix valued time.

Write Ac(a, 0) as (SVD):

Ac(e, 8) = Uk(e, )T k(e 8) Vi(e, 6)"
where

Tk(a,8) = diag (v1,- -+ ,ym) , 0 <y <1
and Uk(a, 0), Vi(a, 8) are unitary.

Theorem

Leth e L'(RM, e="1V*aV) and assume that S(h) < co. Then
SWNa@oh) < D MieorrfMies(1 = 1)S(hy(a0)
where the o marginal h; is given by

h(2) = [ hUZ,2))e ™ 4z’

(&g
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Collecting everything we get

do d0
KRy < k[ 29 k
S(Q*h) < E A S

> Micoski(as 0)*Mieo (1 — yhj(a, 0)%)
oc{1,...,M}

h(V) log B, (a.0)(Pos Uk (a, 0) V)e ™ av .

RM
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Collecting everything we get

do d0
KRy < k[ 29 k
S(Q*h) < E A S

> Micoski(as 0)*Mieo (1 — yhj(a, 0)%)
oc{1,...,M}

h(V) log B, (a.0)(Pos Uk (a, 0) V)e ™ av .

RM

while we need
S(Q*h) < CkmS(h).
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Collecting everything we get

do d0
KRy < k[ 29 k
S(Q*h) < E A S

> Micoski(as 0)*Mieo (1 — yhj(a, 0)%)
oc{1,...,M}

h(V) log B, (a.0)(Pos Uk (a, 0) V)e ™ av .

RM

while we need
S(Q*h) < CkmS(h).

We will use the Brascamp-Lieb Inequality.
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Brascamp-Lieb Inequality: warm up

A simple case is:

Lemma
Let h(V) be such that

h(V)e ™ av = 1
RM
and let its marginal over the j-th variable be denoted by
h(v) = [ rvye ay,

where V! = (Wi, ..., Vi_1, Vji1, ..., V). Then we have

N e v|?
E:/hlogh,e*“' | dVg(N—1)/h|oghe*’*‘ Fav.
j=1
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Brascamp-Lieb Inequality: warm up

A simple case is:

Lemma
Let h(V) be such that

h(V)e ™ av = 1
RM
and let its marginal over the j-th variable be denoted by
h(v) = [ rvye ay,

where V! = (Wi, ..., Vi_1, Vji1, ..., V). Then we have

N e v|?
E:/hlogh,e*“' | dVg(N—1)/h|oghe*’*‘ Fav.
j=1

The Lemma easily follows from the Loomis-Whitney inequality

Fi(V') - Fu(VM)aV < [|Fillr - | Fuall -

RM |
@@; %

where F; ¢ LM=1(RM-),
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Brascamp-Lieb Inequality

Fori=1,...K, let
@ H; c RY be subspaces of dimension dj;
@ B;: RM — H; linear maps such that B;B| = Iy,.
© f : Hi — R non nengative functions.

© c non negative constants such that

K
> BB = Iy
=1
then for any non-negative function h € L' (RM, e==1V"* aV') with || bl = 1 we get

/ h(V)log h(V)e ™V gV >
RM

>i / [ (V) log £(B:V)e ™ av — Iog/f, "”2du}

o
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Applying Brascamp-Lieb

Let:
fi(u) «+— hg(V)
H; +—— R
Bj «— PocUk(c,0)"
XL ae, 2 >
Ci+— — || == i(a, 0 1 — v j(e, 0
Con /]} 5 ile_[acw, (a,0) g( Ve (2, 0)%)
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Let:
fi(u) «— hg(V)
H; +—— R
Bi +— PocUk(a, )"
G «— %H 900 T e 07 TTC1 = s 009)

i€ot jE€o

and assume that

S E S w02 TI0 - e 0) -

™
Aq,yeny ak =1 oC{1,..., M} i€oc jeo

Uk(, 0)PLePoc Uk(a, )" = Ciml -

M N () N+M g
N+M ' N+M M N M =1

F. Bonetto bonetto@math.gatech.edu The Kac model and (Non-)Equilibrium Statistical Mechanics.



Let:
fi(u) «— hi(V)
H; +—— R

Bi +— PocUk(a, )"

Ci %H a0 [T il 0 TTO = i, 0)?)

i€ot jE€o

and assume that

S E S w02 TI0 - e 0) -

™
Aq,yeny ak =1 oC{1,..., M} i€oc jeo

Uk(, 0)PLePoc Uk(a, )" = Ciml -

M N () N+M g
N+M ' N+M M N M =1

then the Brascamp-Lieb inequality delivers exactly what we need.

Ckm =
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Summation Formula

Since
Uk(c, 0) Pl Poe Ur(ct, 0)T = Iy

summing over o, we get that we need to show

Z A /H% Ax(a Q)TAk(Qvg) = Cikm v .
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Summation Formula

Since
Uk(c, 0) Pl Poe Ur(ct, 0)T = Iy

summing over o, we get that we need to show

Z A /H% Ax(a Q)TAk(Qvg) = Cikm v .

,,,,,

Remember
_ | Ala,0) Bk(a,9)
Ok(Oé 9 |:H roq(el ] - |: Ci(g’ 9) DI;(Q,Q) :|

(w0
MxM J_<0 0)

thus
Ax(a, 0)" Ax(a, 0) = Ok(a, 0)7 J Ok(a, 0)
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Let
my IM 0

0 mo IN

J(m)
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Let

we get

where

S [ 2 @) = )

/o _ ,U*(p) N -N
m="rm 73_’2+N+M—1(4\// M
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Let

(M IM 0
‘/(m)_< 0 m2/N>
we get
S [ g (@) Um) r(6)" = J(a)
- 2r — -
where 0
;o _ ulp N —N
m =7m 73_’2+N+M—1(4\// M)
so that

> Ak/ﬁﬂ(el)d@ Al 0)" Ax(a 0) = (pk G))) i
I :

QU yeeny ay

That is exactly what we needed.
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Thank You.
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